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Gravitational lensing : Event Horizon telescope (2019)

[many experimental checks]
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Introduction : Why should we modify general relativity ?

Despite consequential successes ...
m Offer a geometrical explanation of gravitational process [elegant]

m Allow to explain many phenomena :

Mercury perihelion problem
Existence and shape of gravitational waves : GW150914 (2016)
Gravitational lensing : Event Horizon telescope (2019)

[many experimental checks]
. there are unexplained phenomena within General Relativity (GR) :
m Origin and value of the cosmological constant
m Low intensity of gravitational interaction
m Existence of singularities within spacetime
m Origin and composition of dark matter and dark energy
m Accelerated expansion of the universe

Not all of them reduces to quantum correction problems !
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Introduction : How should we modify general relativity 7

GR presents certain interesting properties among which :

4-dimensional spacetime
1 for time + 3 for space

All degrees of freedom are encoded in the metric g
(Differential manifold M + Lorentzian metric g + associated

Levi-Civita connection I'/,, (g) ) = Spacetime (M, g)

Covariant equations (diffeomorphisms invariance)
Equations between tensorial quantities
<+ equivalence of all physical observers

Equations are second order non-linear partial derivative equations
Technical requirement. (N.B. Useful to avoid the presence of ghosts)

B Challenge
B Keep
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Introduction : How should we modify general relativity 7

One interesting way to modify GR is to consider that the unrated
phenomena are due to unknown degrees of freedom (that can be

interpreted as new particles or as a new component in the description of
gravity).
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Introduction : How should we modify general relativity 7

The simplest candidate for these degrees of freedom is a scalar field.

m Simplest covariant object

m Important element of many models :
e Cosmology

Standard model of particle physics

Kaluza-Klein reduction

Effective theory

m Also experimentally motivated since the Brout-Englert-Higgs boson’s
discovery (CERN 2012)
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Introduction : Why not considering the simplest case ?

No Scalar-Hair Theorem (Schematically)
Consider an asymptotically flat black hole spacetime
Hypothesis 1 : (Symmetries of spacetime)
Hypothesis 2 : (Symmetries of the scalar field)
Hypothesis 3 : (Coupling condition)

Hypothesis 4 : (Energetic condition)

Then, the scalar field must be trivial : ¢ (x") = ¢g, V.

See [Herdeiro and Radu, 2015] for a review.
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Introduction : Why not considering the simplest case ?
No Scalar-Hair Theorem (Example; due to Bekenstein)

Consider an asymptotically flat black hole spacetime

Hypothesis 1 : (Symmetries of spacetime)

The spacetime is stationary

Hypothesis 2 : (Symmetries of the scalar field)
The scalar field shares the spacetime symmetries.
Hypothesis 3 : (Coupling condltlon)

S = / { Guv, ag,uw e ) - §V#¢Vﬂ¢ - V(¢) \/__g d"z

Hypothesis 4 : (Energetic condition)
x: oV (¢) >0 Vo, with V' (¢) =dV/de, & ¢V’ (¢) = 0 for some
discrete values of ¢, say ¢;.

Then, the scalar field must be trivial : ¢ (x*) = ¢g, YVt
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Introduction : Why not considering the simplest case ?
No Scalar-Hair Theorem (Example; due to Bekenstein)

Consider an asymptotically flat black hole spacetime

Hypothesis 1 : (Symmetries of spacetime)

The spacetime is stationary

Hypothesis 2 : (Symmetries of the scalar field)
The scalar field shares the spacetime symmetries.
Hypothesis 3 : (Coupling condltlon)

S = / { Guv, ag,uw e ) - §V#¢Vﬂ¢ - V(Qb) \/__g d"z

Hypothesis 4 : (Energetic condition)

x: oV (¢) >0 Vo, with V' (¢) =dV/de, & ¢V’ (¢) = 0 for some
discrete values of ¢, say ¢;.
Then, the scalar field must be trivial : ¢ (x*) = ¢g, YVt

Note : In general, the proof makes no use of the Einstein's equations.
It just uses the scalar field equation defined thanks to hypothesis 3.
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Horndeski

“What is the most general theory (arising from a variational principle)
including a single real scalar field, a single metric tensor with its
Levi-Civita connection and giving second order Euler-Lagrange equation ?"

Gregory Walter Horndeski (1970s)
0

(Generalised) Galileon Theory (2000s)

S :/ L/—g d*x
M
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Horndeski

L =K (,p) = Ga(6,p)06 + Ga(6, p) R+ Ga,(6,p) [(06)* = (V,.V,0)"]
+ G5(¢7 p)G,uuv'uvy(b

— £G506.) [(00)° — 300 (VW) +2(V,700)7]

where
p = vud)vuqsa

and where the functions G;(¢, p) (i € {3,4,5}) & K(¢, p) are arbitrary
functions.
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Examples

L =K (,p) — G3(6,p)06 + Ga(6, )R + Gu,(6,p) [(06) = (V,.V,0)"]
+ G5(¢a p)Guuvuvy¢

— $Gspl6,0) [(00)° =306 (V,u¥,0)* +2(V,¥,0)"]
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Horndeski

Examples

L =K($,p) — G3(,p)06 + Ga(6, )R+ Ga (0, p) |(08)” = (V,, V6’|
+ G5(¢7 P)GWV“VV¢

— $Gspl6,0) [(00)° =306 (V,u¥,0)* +2(V,¥,0)"]

With G3 =0 = G5,G4 = k = ¢*/167% and
K(¢,p) = —%p — V() — 2kA, one gets

Lo = k(R —2A) — %V,,W"qb —V(9)
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Horndeski

Examples

L =K(9,p) = Ga(6, )6 + Ga(6, p) R + G, 0, 0) [(T6)° = (V,,V,0)]
+ G5(¢’ p)GM,,V‘U‘VVd)

~ 2G3(0,0) [(09)° — 3006 (V,V,6) +2(V,V0)°]

If Gi (¢,p) = Gi(p),Vie {3,4,5} and K (¢, p) = K (p), the system
possesses an invariance under ¢ — ¢ + ¢ (shift-symmetry), with ¢ € R,
and the field equation for ¢ reduces to a conservation law (Ncether) :

V" =0.

Ludovic DucoBu
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Coupling to the Gauss-Bonnet invariant

A first interesting subclass of the Horndeski Lagrangian is given by

Y =R— % g’WV;L(z)VyQﬁ + -F((z))ogGB; (]‘)

where
Fep = R* — AR, R"™ + Ryyno R

is the Gauss-Bonnet invariant.
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Coupling to the Gauss-Bonnet invariant

A first interesting subclass of the Horndeski Lagrangian is given by
1
.,E/ﬂ = R — 5 g’“jvlﬂbvyﬁﬁ + -F((z))gGB; (]‘)

where
Fep = R* — AR, R"™ + Ryyno R

is the Gauss-Bonnet invariant.

Note

m (1) can be obtained from the Horndeski Lagrangian via specific choice
of the arbitrary functions and some integration by parts. This has
been established in [Kobayashi et al., 2011].
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Coupling to the Gauss-Bonnet invariant

A first interesting subclass of the Horndeski Lagrangian is given by
1
Z =R-— 3 9"’V oV ¢ + F(9)Los, (1)
where

oo = R* — AR, R* + Ry RN

is the Gauss-Bonnet invariant.

Notes :

m (1) can be obtained from the Horndeski Lagrangian via specific choice
of the arbitrary functions and some integration by parts. This has
been established in [Kobayashi et al., 2011].

m In 4D, it is well known that Zz = V,GH.
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Coupling to the Gauss-Bonnet invariant

— An interesting feature of this model is that the curvature of spacetime
will source the scalar field and (almost certainly) force it to be
non-trivial :

O¢ = —F'(¢) Lee.

This mechanism is known as “curvature induced scalarization”.
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Coupling to the Gauss-Bonnet invariant

— An interesting feature of this model is that the curvature of spacetime
will source the scalar field and (almost certainly) force it to be
non-trivial :

O¢ = —F'(¢) Lee.

This mechanism is known as “curvature induced scalarization”.

— In the specific case F(¢) = 716, the model enjoys a shift-symmetry
for the scalar field ¢ — ¢ + ¢ for c € R.

— In the following, we will focus our review on asymptotically flat
spherically symmetric black hole solutions.
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Ansatz

Since we will focus on spherically symmetric spacetime, we will assume to

work within a coordinate system {z# } = {¢,r,0, ¢ } in which the metric
takes the form

1

ds? = —N(r)o?(r)dt® + NG

dr? + 7'2(d02 + sin? 0d<p2)
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Ansatz

Since we will focus on spherically symmetric spacetime, we will assume to

work within a coordinate system {z# } = {¢,r,0, ¢ } in which the metric
takes the form

1

ds? = —N(r)o?(r)dt® + NG

dr? + 7'2(d02 + sin? 0d<p2)

For simplicity, we will further assume our real scalar field to also respect
spherical symmetry; that is

¢ (¢") = ¢(r).
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Results previously known
Linear coupling (F(¢) = 719)

The first explicit construction of asymptotically flat, spherically symmetric
black hole solutions presenting a shift-symmetry in the context of
Horndeski gravity has been provided in

[Sotiriou and Zhou, 2014a, Sotiriou and Zhou, 2014b].

In this case,

Ludovic DucoBu



Introduction Horndeski gravity Paper 1 Teleparallel gravity Paper 2 Conclusion

Results previously known
Linear coupling (F(¢) = 719)

The first explicit construction of asymptotically flat, spherically symmetric
black hole solutions presenting a shift-symmetry in the context of
Horndeski gravity has been provided in

[Sotiriou and Zhou, 2014a, Sotiriou and Zhou, 2014b].

In this case,

m Regularity of the scalar field derivative at the event horizon, ¢'(r}),
require to fix ¢/(rp) as the solution of a quadratic polynomial
equation.

= ¢/(r,) € R can only be ensured if the discriminant of the equation
A >0.
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Results previously known
Linear coupling (F(¢) = 719)

The first explicit construction of asymptotically flat, spherically symmetric
black hole solutions presenting a shift-symmetry in the context of
Horndeski gravity has been provided in

[Sotiriou and Zhou, 2014a, Sotiriou and Zhou, 2014b].

In this case,

m Regularity of the scalar field derivative at the event horizon, ¢'(r}),
require to fix ¢/(rp) as the solution of a quadratic polynomial
equation.

= ¢/(r,) € R can only be ensured if the discriminant of the equation
A >0.

m This fixes a maximal value for the coupling constant 1 < Y1 max-

m Scalarized solutions can be numerically constructed for all
QANS [Oa’Yl,maX]-
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Results previously known
Linear coupling (F(¢) = 719)

The first explicit construction of asymptotically flat, spherically symmetric
black hole solutions presenting a shift-symmetry in the context of
Horndeski gravity has been provided in

[Sotiriou and Zhou, 2014a, Sotiriou and Zhou, 2014b].

In this case,

m Regularity of the scalar field derivative at the event horizon, ¢'(r}),
require to fix ¢/(rp) as the solution of a quadratic polynomial
equation.
= ¢/(r,) € R can only be ensured if the discriminant of the equation
A >0.

m This fixes a maximal value for the coupling constant 1 < Y1 max-

m Scalarized solutions can be numerically constructed for all
M € [OaVI,max]-

m There are no excited solutions.
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Results previously known
Quadratic coupling (F(¢) = 7267)

Asymptotically flat, spherically symmetric black hole solutions have also
been studied in [Silva et al., 2018] under the assumption of a quadratic

non-minimal coupling to the Gauss-Bonnet invariant.

In this case, the spectrum of solutions is drastically different from the
former case :
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Asymptotically flat, spherically symmetric black hole solutions have also
been studied in [Silva et al., 2018] under the assumption of a quadratic
non-minimal coupling to the Gauss-Bonnet invariant.

In this case, the spectrum of solutions is drastically different from the
former case :
m Regularity of ¢/(r},) still require to fix ¢/(r) as the solution of a

quadratic polynomial equation. = ¢'(r,) € R can only be ensured if
the discriminant of the equation A > 0.

But this time, one should also have that ¢(r;) # 0 and 2 # 0.
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Results previously known
Quadratic coupling (F(¢) = 7267)

Asymptotically flat, spherically symmetric black hole solutions have also
been studied in [Silva et al., 2018] under the assumption of a quadratic
non-minimal coupling to the Gauss-Bonnet invariant.

In this case, the spectrum of solutions is drastically different from the
former case :

m Regularity of ¢/(r},) still require to fix ¢/(r) as the solution of a

quadratic polynomial equation. = ¢'(r,) € R can only be ensured if
the discriminant of the equation A > 0.

But this time, one should also have that ¢(r;) # 0 and 2 # 0.

m Solutions can only be found if 3 lies in a band 72 € [y2.¢, V2,max] With
Y2,c > 0.

This is because A — 0 and ¢(rp) — 0.
Y2—7Y2,c Y2—7Y2,max
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Results previously known
Quadratic coupling (F(¢) = 7267)

Asymptotically flat, spherically symmetric black hole solutions have also
been studied in [Silva et al., 2018] under the assumption of a quadratic
non-minimal coupling to the Gauss-Bonnet invariant.

In this case, the spectrum of solutions is drastically different from the
former case :

m Regularity of ¢/(r},) still require to fix ¢/(r) as the solution of a
quadratic polynomial equation. = ¢'(r,) € R can only be ensured if
the discriminant of the equation A > 0.

But this time, one should also have that ¢(r;) # 0 and 2 # 0.
m Solutions can only be found if 3 lies in a band 72 € [y2.¢, V2,max] With
Y2,c > 0.

This is because A — 0 and ¢(rp) — 0.
Y2—7Y2,c Y2—7Y2,max

m Excited solutions exist.
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Results previously known
Quadratic coupling (F(¢) = 7267)

Schematically, the existence of solutions is then limited by the following
pattern
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Generic linear + quadratic coupling (F(¢) = v1¢ + 72¢?)

Black holes

To understand the difference of pattern between the shift-symmetric and
spontaneously scalarized black holes, my collaborator Yves and | looked at
F(¢) = v1¢ + y2¢? in [Brihaye and Ducobu, 2019].
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Generic linear + quadratic coupling (F(¢) = v1¢ + 72¢?)
Black holes

To understand the difference of pattern between the shift-symmetric and
spontaneously scalarized black holes, my collaborator Yves and | looked at
F(¢) = v1¢ + y2¢? in [Brihaye and Ducobu, 2019].
m This can be seen as the most general quadratic expansion of a generic
F(g) = F(0) + F'(0)¢ + T5%6% 4+ 0 (¢%).
(Remember that we can assume F(0) = 0 without loss of generality
since L = V,.G*).
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Generic linear + quadratic coupling (F(¢) = v1¢ + 72¢?)
Black holes

To understand the difference of pattern between the shift-symmetric and
spontaneously scalarized black holes, my collaborator Yves and | looked at
F(¢) = v1¢ + y2¢? in [Brihaye and Ducobu, 2019].
m This can be seen as the most general quadratic expansion of a generic
F(¢) = F(0) + F/(0)¢ + T5%6% + O (7).
(Remember that we can assume F(0) = 0 without loss of generality
since L = V,.G*).
m We obtained a pattern of spherically symmetric hairy black holes
extrapolating between the shift-symmetric and spontaneously
scalarized black holes.
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A fresh look at General Relativity

Geometric layers

In GR, the geometry of the spacetime structure (M, g) is given by the
metric since we use the Levi-Civita connection.

Nevertheless, from the point of view of differential geometry, connection
and metric serve (a priori) independent purposes.
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A fresh look at General Relativity

Geometric layers

— Differential structure : M < Local coordinates { z* }
< Functions f: M — R, Curves ¢ : R — M, Derivation of functions in
a given direction at a point (f o ¢)'(0) = Vg f,.
— Tangent vectors 1), M, Cotangent vectors T;M, Generic tensors
T, M ™" Vector fields T'(TM), Coordinate basis {J,, } & {da*}, -+
— Linear connection : w%, = wy, da#
< Covariant derivative of vector-, covector- and tensor fields

Ve €a) = Wacl(t)s V9,8 = Waulln), Vo, =T%,0,

— Geodesics
< Curvature R and Torsion T
— Metric with Lorentzian signature : g
< Causal structure : time-, space-, light-like vectors
< Ability to lower and raise indices (musical isomorphisms), Tetrads
9 (€(a), €b)) = Map with (nq) = diag (+, —, —, —), Line element, - - -
< Local Lorentz transformations A(p) € O(1, 3).
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A fresh look at General Relativity

“Interactions” between the geometric layers

If we have both a linear connection w? and a metric g defined on our
manifold M, we can characterise their compatibility by means of the
non-metricity tensor

Q = Vg.

Given a metric g, there is a unique torsion-free (T = 0) and
metric-compatible (Q = 0) connection :

[¢]
It is the Levi-Civita connection I'), (g) =: T},

Actually, any linear connection can be related to the Levi-Civita connection
via its disformation tensor D [Q, g] and contorsion tensor K [T, g],

b °b b b
w wac+Dac+Kacv

ac —
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A fresh look at General Relativity
Trinity of gravity

From this relation, one can get (for the Ricci scalar)
P _ a kb a kb
R=R—2 (D%, K"y + K%, D)

a kb o ab a b o ab )
=2 (D% Dy + Via D) = 2 (Ko Ky + Vi K%
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A fresh look at General Relativity
Trinity of gravity

From this relation, one can get (for the Ricci scalar)

R=R-2 (D“k[alKka + Kak[a|D’“b|b])

kb > b kb c b
=2 (D% D + Vi D) =2 (K K%y + Vi K
This relation suggests interesting special cases :
— Torsion-free (T = 0) 4+ metric compatible (Q = 0) connection :
R=R
— Flat (R = 0) + metric compatible (Q = 0) connection :

[e)

_ a Jeb c ab
R= 2K K = 2V (o K
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A fresh look at General Relativity
Trinity of gravity

From this relation, one can get (for the Ricci scalar)

R=R-2 (D“k[a|K’“b|b} + Kak[a|D’“b|b])

kb c b kb c b
— 2 (Dak[a|D |b} + V[G‘Da |b]> — 2 (Kak[a|K |b] + V[Q|Ka |b]>
This relation suggests interesting special cases :
— Torsion-free (T = 0) 4+ metric compatible (Q = 0) connection :
R=R

— Flat (R = 0) + metric compatible (Q = 0) connection :

P _ kb c b

R = =27 K™y — 2V (o K
— Flat (R = 0) + torsion-free (T = 0) connection :

o

_ kb > b
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A fresh look at General Relativity
Trinity of gravity

From this relation, one can get (for the Ricci scalar)

R=R-2 (D“k[a|K’“b|b} + Kak[a|D’“b|b])

kb > b kb c b
— 2 (Dak[a|D |b} + V[G‘Da |b]> — 2 (Kak[a|K |b] + V[Q|Ka |b]>
This relation suggests interesting special cases :
— Torsion-free (T = 0) + metric compatible (Q = 0) connection : GR
R - R ~ gGR
— Flat (R = 0) + metric compatible (Q = 0) connection : TEGR

% = —2Kak[a|Kkb|b] - 2%[G|Kab|b] ~ XTEGR
— Flat (R = 0) + torsion-free (T = 0) connection : STEGR

o

R = —2Dak[a‘Dkb|b] - 2V[a|Dab|b] ~ DgSTEGR
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Teleparallel Equivalent of General Relativity

In the following, we will focus our discussion on TEGR (and its extensions

by a scalar field).
In this case the connection — called a Weitzenbdck connection — is such

that R =0 and Q = 0.

A manifold M equipped with a Lorentzian metric g and a Weitzenbdck
connection w®, is called a Weitzenbock spacetime.
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A word on Weitzenbdck geometry

On a Weitzenbdck spacetime, the geometry can be entirely specified
(locally) by means of a couple ({ €a) > A(p)), where
{ € } is a tetrad, i.e. a basis of vector fields such that

g (5@), 5(1))) = Tab,
~ eaﬂ [my ebV = Tab,
<~ Juv = ea“ Nab eby7
where the tetrad { €(y) } is written as €,y = e,/'d,, and e te?, = df,

ea“ebu =62 and (1) = diag(+, —, —, —).
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Teleparallel Equivalent of General Relativity

A word on Weitzenbdck geometry

On a Weitzenbdck spacetime, the geometry can be entirely specified
(locally) by means of a couple ({ €a) > A(p)), where
{ € } is a tetrad, i.e. a basis of vector fields such that

g (5@1), 5(57)) = Nab,
S el guv ey = Nabs
& Guv = €%, Nab e’
where the tetrad { €(y) } is written as €,y = e,/'d,, and e te?, = df,
ea“ebu = 0% and (ny) = diag(+, —, —, —).
Ap) = (Aab(p)) € O(1,3) is a local Lorentz transformation which

gives the connection coefficients (related to the tetrad { €, }) via

b _ l b
Wb, = —A 9.AY
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Teleparallel Equivalent of General Relativity

For a Weitzenbdck connection, we thus had that

R=-T+B,
where
. a kb 1 abc 1 cba a b k
Ti=2 Koo K = TabeT™ + STape T — T T
and

Bi= 2 Vi K", =2V, (T%, 4).
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Teleparallel Equivalent of General Relativity

For a Weitzenbdck connection, we thus had that

R=-T+B,
where
. a kb 1 abe | 1 cba  a bk
Ti=2 Koo K = TabeT™ + STape T — T T
and

Bi= 2 Vi K", =2V, (T%, 4).

The theory with Zrece = —T'/(2k) is called the Teleparallel Equivalent of
General Relativity.

This theory provides a theory of gravity dynamically equivalent to GR but
formulated in terms of the torsion of a Weitzenbdck connection. See
[Bahamonde et al., 2021] for a review.
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Action

Such a “reformulation” of GR suggests new types of couplings. See
[Hohmann, 2018a, Hohmann and Pfeifer, 2018, Hohmann, 2018b].

— Minimal coupling

— Possible non-minimal couplings
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1
- 59’”VWVW - V(w)

— Possible non-minimal couplings

Ludovic DucoBu



Introduction Horndeski gravity Paper 1 Teleparallel gravity Paper 2 Conclusion

Action

Such a “reformulation” of GR suggests new types of couplings. See
[Hohmann, 2018a, Hohmann and Pfeifer, 2018, Hohmann, 2018b].

— Minimal coupling
= In GR[(M, g)]

1 o
¥=—R
2K

1 v
— S8V = V()
— Possible non-minimal couplings

m In GR [(M, g)]
& = AW)R
— B)g"' VbV — V(1)
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Action

Such a “reformulation” of GR suggests new types of couplings. See
[Hohmann, 2018a, Hohmann and Pfeifer, 2018, Hohmann, 2018b].

— Minimal coupling

m In GR [(M, g)] ® In TEGR [(M, g,w%)]
1o 1 1
1 1
- Eg“VV#¢VV¢ - V(¢) - §glwvuwvyw - V(d})

— Possible non-minimal couplings

m In GR [(M, g)]
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Action

Such a “reformulation” of GR suggests new types of couplings. See
[Hohmann, 2018a, Hohmann and Pfeifer, 2018, Hohmann, 2018b].

— Minimal coupling

m In GR [(M, g)] ® In TEGR [(M, g,w%)]
1o 1 1
1 1
- §gwjvu¢vuw - V(w) - §gMVvuva¢ - V(d})

— Possible non-minimal couplings

® In GR [(M, g)] ® In TEGR [(M, g,w%)]
£ = A(W)R £ = —AW)T ~C(4)B
= B)g"'V bV oib = V() — B()g""'V bV = V(9)
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Ansatz

In the following, we will consider solutions obtained within this ansatz for
the theory whose Lagrangian density is given by

&L = —AW)T —C(Y)B — B(1)g"' V)V, — V(1),
with B(y) = 3.
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Ansatz

In the following, we will consider solutions obtained within this ansatz for
the theory whose Lagrangian density is given by

&L = —AW)T —C(Y)B — B(1)g"' V)V, — V(1),
with B(y) = .

In this case, the choice of an ansatz requires to fix the form of the scalar
field ¢ and of a tetrad { €(,) } by means of the components ¢?,,. In
spherical symmetry two forms are possible for the tetrad.
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Ansatz

The first tetrad is real and it is described by

A 0 0 0
Wa | 0 CAlcosgsing rcosgcosf —rsingsinf
w0 cat singsinf rsingcosf rcosgsinb ’
0 CA 'cosh —rsin@ 0
whereas the second one is complex and is given by
0 ©o0 0
2a _ | tAsinfcos¢ 0 —rsing —rsinfcosfcose
# | iAsinfsing 0O rcos¢ —rsinfcosfsing |’
1A cosf 0 0 rsin? 0

where A = A(r) and C = C(r). In both cases, the metric takes the usual

form

C(r)? .
2 _ 2142 2 2 2 21,42
ds® = A(r)=dt (T)er T (d9 + sin(0)“dp ) .

Ludovic DucoBu



Introduction Horndeski gravity Paper 1 Teleparallel gravity Paper 2 Conclusion

Ansatz

For the scalar field, we simply chose ¥ (t,r,0,p) = (r).
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Results

Analysing the field equations obtained within this ansatz, we were able to
find exact solutions for ~
— A(v¢) = a : only non-min. coupling with the boundary term (C(v)) B)
m Solutions for the real and complex tetrad
_ = Solutions fail to be asymptotically flat
— C() = 0 : only non-min. coupling with the torsion scalar (A(¢)T")
m Solutions for the real and complex tetrad
m Two types of asymptotically flat solutions (for the real tetrad)

AW) = -pY*/8, V() =0,

K\? K\~ 2or/T
d2:(1——) dt2—(1——) dr? — r2d0?, —__YovP
’ : P Ve
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Results

Analysing the field equations obtained within this ansatz, we were able to
find exact solutions for ~
— A(v¢) = a : only non-min. coupling with the boundary term (C(v)) B)
m Solutions for the real and complex tetrad
_ = Solutions fail to be asymptotically flat
— C() = 0 : only non-min. coupling with the torsion scalar (A(¢)T")
m Solutions for the real and complex tetrad
m Two types of asymptotically flat solutions (for the real tetrad)

AW) = -pY*/8, V() =0,

K\? K\~ 2or/T
d2:(1——) dt2—(1——) dr? — r2d0?, —__YovP
’ : P Ve

A(Y) =36v%/8, V(¥) =0,

s r r(r—4K)\2  , r(r—4K)\=2 5 5.
a5’ = (2 gt Vg ) - (gt g ) artera?,
1/)0(\/7"(7‘—41()—4[(—1—7") i/\/r(r—4K)—2K+r

r
vir) 3Kr3/4\/r — 4K
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To complete this analysis, we also derived a no scalar-hair theorem for the
theory under study

No Scalar-Hair Theorem

Consider a scalar-torsion theory of gravity defined by the Lagrangian
density

& = —-AW)T — C(¥)B — Bg*™'V )V, — V(1),

the spherically symmetric the tetrads (displayed above) and a scalar field
v =1 (r). There exist no spherically symmetric asymptotically flat
scalarized black holes for the following couplings and potentials :

A=ay™, C=0 and ﬁ(m 5 (2mY — V') <0;
A = a)?, Lep? + co and either V' > 4V or V' < 4V;
A=a,C=cIn(®) +c andwTvl <0,
a, C = 2yym* and 5 (V' = (m 4+ 1)yp™T7') <0 or
(m“)% ( R+ k2 — 4V)) <0.

C=
C=
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— Going beyond GR is a hard (but necessary) task.

— Classical modifications of GR provide a useful playground.

— The study of black hole solutions in scalar-tensor gravity reveals a
vast range of scalarized solutions from the numerical and analytical
point of view.

Outlooks

Compact objects (black holes, boson stars, neutron stars) have been
extensively studied within the metric formulation of general relativity. In
comparison, there is some significant amount of work left to do in this
direction for alternative formulations of gravity.
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Take-home message

— Going beyond GR is a hard (but necessary) task.

— Classical modifications of GR provide a useful playground.

— The study of black hole solutions in scalar-tensor gravity reveals a
vast range of scalarized solutions from the numerical and analytical
point of view.

Outlooks

Compact objects (black holes, boson stars, neutron stars) have been
extensively studied within the metric formulation of general relativity. In
comparison, there is some significant amount of work left to do in this
direction for alternative formulations of gravity.

— The present developments of both black hole and gravitational wave
astronomy raise the need for as many models as possible to compare
with experimental data.

— For instance, unifying the two directions presented in this talk, it
would be interesting to further investigate the formulation of
non-minimal couplings to the Gauss-Bonnet invariant in the
context of teleparallel theories of gravity.
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Conclusion
Thank you Yves
for this incredible experience !!!

| hope that we will continue on this track. ..




Thank you for your attention !
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(No-scalar-hair theorem) Skeleton of the proof.

Construct a positively defined integral.

/e 3 (6, V) v=g d%z >0,

where € denotes the black-hole exterior spacetime region.

Prove that, on-shell, this integral should vanish.

5¢%0:>/€§(¢,VM¢)\/—_gd4x%0.

(where ~ denotes an on-shell equality)

Use the form of the integrand to conclude that the scalar field must
be trivial.

[36,V,u0) V=9 d's = 0 = 6(s) = o, V¥ € €.
¢
L]



Horndeski

Construction : schematically
Let us briefly discuss the steps in the discovery/construction of this
Lagrangian density from the (more recent) point of view of Galileon theory.

“What is the most general theory including a single real scalar field, and
giving second order equation ?"

— First, consider the study of a scalar field on flat spacetime (fixed
Minkowski background), see [Nicolis et al., 2009] :
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Let us briefly discuss the steps in the discovery/construction of this
Lagrangian density from the (more recent) point of view of Galileon theory.

“What is the most general theory including a single real scalar field, and
giving second order equation 7"

— First, consider the study of a scalar field on flat spacetime (fixed
Minkowski background), see [Nicolis et al., 2009] :
[0 Realise that the most general Lagrangian density giving second-order
derivatives in the equations contains 9,0, ¢ terms.
Figure out how one can avoid higher-order derivatives in the EEL for a
Lagrangian density polynomial in the 0,,0,¢'s.
Carefully construct the most general expression satisfying the condition.
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— To introduce gravity in the picture, one should allow the metric to be
dynamical, see [Deffayet et al., 2011] :
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— To introduce gravity in the picture, one should allow the metric to be
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“What is the most general theory including a single real scalar field, and
giving second order equation 7"

— First, consider the study of a scalar field on flat spacetime (fixed
Minkowski background) :
One then gets the Lagrangian density for the (generalised) Galileon.
— To introduce gravity in the picture, one should allow the metric to be
dynamical, see [Deffayet et al., 2011] :
The first attempt/step consist in performing the replacement
n—gandd, = V,.
Since covariant derivatives do not commute, this leads to higher
order EEL. One should then kill them by adding the (unique)
appropriate counter terms built with the curvature tensor.
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Construction : schematically

“What is the most general theory including a single real scalar field, and
giving second order equation 7"

— First, consider the study of a scalar field on flat spacetime (fixed
Minkowski background) :
One then gets the Lagrangian density for the (generalised) Galileon.
— To introduce gravity in the picture, one should allow the metric to be
dynamical, see [Deffayet et al., 2011] :

The first attempt/step consist in performing the replacement
n—gandd, = V,.

Since covariant derivatives do not commute, this leads to higher
order EEL. One should then kill them by adding the (unique)
appropriate counter terms built with the curvature tensor.

One then gets the Lagrangian density for the covariant (generalised)
Galileon.
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Horndeski

Construction : schematically

Horndeski had “cracked” the problem from a completely different starting
point

(He directly asked the question of the most general Lagrangian density [in
4D] presenting at most second-order equations for g,,, and ¢)

Ludovic DucoBu



Horndeski

Construction : schematically

Horndeski had “cracked” the problem from a completely different starting
point

(He directly asked the question of the most general Lagrangian density [in
4D] presenting at most second-order equations for g,,, and ¢)

but it can be proved that the covariant generalised Galileon theory is
equivalent to Horndeski's result, see [Kobayashi et al., 2011].
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Horndeski

Construction : schematically

Horndeski had “cracked” the problem from a completely different starting
point

(He directly asked the question of the most general Lagrangian density [in
4D] presenting at most second-order equations for g,,, and ¢)

but it can be proved that the covariant generalised Galileon theory is
equivalent to Horndeski's result, see [Kobayashi et al., 2011].

T T T T 1)

This result is non-trivial.

Even though the generalised Galileon provided the most general
Lagrangian density with second order field equation for ¢ on flat
spacetime there was a priori no reasons why its covariant extension
should still be the most general possibility on curved spacetime !
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Has a final note on this construction, let us come back to the Horndeski
Lagrangian density and emphasise the link between the different terms.
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appropriated counter term
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Horndeski

Has a final note on this construction, let us come back to the Horndeski
Lagrangian density and emphasise the link between the different terms.

Especially, let us emphasise which terms necessitate the introduction of an
appropriated counter term

L =K (,p) = Ga(6, )06 +Ga(, p)R + Ga,p(6, p) [(O9)° = (V. Vu9)’]
+G5(0, p)G L, VIV §

~5Csl00) [(06)" ~ 306 (V,V,0)° + 2 (V,V,0)"]

where
p = v/.bgbVMQSa

and where the functions G;(¢, p) (i € {3,4,5}) & K(¢, p) are arbitrary
functions.
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Horndeski

Has a final note on this construction, let us come back to the Horndeski
Lagrangian density and emphasise the link between the different terms.

Especially, let us emphasise which terms necessitate the introduction of an
appropriated counter term

£ =K ($,0) = Ga($,0)0¢ +C (6. p)R + Cu,p(¢.p) [(09)° — (V,.V,0)°]
+G5(0, p)G L, VIV ¢

—$Gip(6,0) [(00)° = 306 (9,9,9)° +2(V,9,0)°],

where

p = v/.bgbVMQSa
and where the functions G;(¢, p) (i € {3,4,5}) & K(¢, p) are arbitrary
functions.



Results previously known
Quadratic coupling (F(¢) = 7267)

In a nutshell, the reason for this difference of pattern can be seen from the
scalar field equation.
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In a nutshell, the reason for this difference of pattern can be seen from the
scalar field equation.

D¢ = _2’722@ ¢
D¢ = 120.

When studying the perturbative regime (on a fixed Schwarzschild
background), the equation reduces to an eigenvalue equation

D500 = 7120,

where ﬁ|5ch stands for D formulated on Schwarzschild spacetime and d¢
the scalar field perturbation.
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Results previously known
Quadratic coupling (F(¢) = 7267)

In a nutshell, the reason for this difference of pattern can be seen from the
scalar field equation.

D¢ = _2722@ ¢
D¢ = 120.

When studying the perturbative regime (on a fixed Schwarzschild
background), the equation reduces to an eigenvalue equation

D500 = 7120,

where ﬁ|5ch stands for D formulated on Schwarzschild spacetime and d¢
the scalar field perturbation.

= In this limit, 72 corresponds to an eigenvalue of ﬁ|SCh. This will
correspond to the values of V2 ax.

Ludovic DucoBu



Levi-Civita connection, Disformation and Contorsion tensor

1
FZV = égpa (augau + augua - 5049“”) )

1
D%, = —igak (Qrbe + Qe — Qbek) »

1
K% = ) (Tabc — gk 9" T%, + gor 9™ chl) :

Ludovic DucoBu



Weitzenbock geometry

In the following, we will focus our discussion on TEGR (and its extensions

by a scalar field).
In this case the connection — called a Weitzenbdck connection — is such

that R =0 and Q = 0.

A manifold M equipped with a Lorentzian metric g and a Weitzenbdck
connection w®, is called a Weitzenbock spacetime.
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Weitzenbock geometry

In the following, we will focus our discussion on TEGR (and its extensions
by a scalar field).

In this case the connection — called a Weitzenbdck connection — is such
that R =0 and Q = 0.

A manifold M equipped with a Lorentzian metric g and a Weitzenbdck
connection w®, is called a Weitzenbock spacetime.

From these two conditions, one can get that there exist bases of vector
fields { € } such that

In that basis w®. =0 i.e. Ve, €a) = 0 (Weitzenbdck basis)

g (g(a), g(b)) = N (tetrad)
Such a basis is called a Weitzenbdck tetrad.

Ludovic DucoBu



Weitzenbock geometry

Note that :
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Weitzenbock geometry

Note that :
Since two tetrads are always related by a local Lorentz transformation
A(p) = (Aab(p)) € 0(1,3), in a generic tetrad one has

bo_ l b
Wap = —Ng Ou7).
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Weitzenbock geometry

Note that :
Since two tetrads are always related by a local Lorentz transformation
A(p) = (Aab(p)) € 0(1,3), in a generic tetrad one has

bo_ l b
Wap = —Ng Ou7).

From the definition of a tetrad, one has that

b
Juv = eaﬂ Nab € v
where the tetrad { €(y) } is written as €,y = e,/'d,, and e te?, = of,
b _ sb
eq'e’, =0,
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Weitzenbock geometry

Note that :
Since two tetrads are always related by a local Lorentz transformation
Ap) = (Aab(p)) € 0(1,3), in a generic tetrad one has

bo_ l b
Wap = —Ng Ou7).

From the definition of a tetrad, one has that

b
Juv = eau Nab € v

where the tetrad { €(y) } is written as €,y = e,/'d,, and e te?, = of,
b _ sb
eq'e’, =0,

Consequently, on a Weitzenbock spacetime, the geometry can be entirely
specified (locally) by means of a couple ({ €a) } ,A(p)).
It is then also possible to work with Weitzenbock tetrads.
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Digression : Motion of pointwise particle

In GR : [Spacetime : <M,g,£)ab)]

In Teleparallel Gravity : [Spacetime : (M, g,w%)]
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Digression : Motion of pointwise particle

In GR : [Spacetime : (M,g,c?)“b)]
Particles move along geodesic

[e]
p PR
@’ + 1y, i"” = 0.

Remark that (for the Levi-Civita connection)

geodesic = curve of extremal length o (f: Guv () THEY d/\) =0.

In Teleparallel Gravity : [Spacetime : (M, g,w%)]

Particles move along curves of extremal length

[¢]
wp | O v
&+ 1, i'e" =0
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Digression : Motion of pointwise particle

In GR : [Spacetime : (M,g,c?)“b)]
Particles move along geodesic

[e]
p PR
@’ + 1y, i"” = 0.

Remark that (for the Levi-Civita connection)

geodesic = curve of extremal length o (ff Guv () THEY d/\) =0.

In Teleparallel Gravity : [Spacetime : (M, g,w%)]

o
Particles move along curves of extremal length (I',, =T, + K”,,)

[¢]
" ey
&+ T, ¢ =0«

B+ 10, il = KP,, 3",
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Digression : Motion of pointwise particle

In GR : [Spacetime : (M,g,c?)“b)]
Particles move along geodesic

[e]
p PR
@’ + 1y, i"” = 0.

Remark that (for the Levi-Civita connection)

geodesic = curve of extremal length ¢ (ff Guv () THEY d/\) =0.

In Teleparallel Gravity : [Spacetime : (M, g,w%)]

o
Particles move along curves of extremal length (I',, =T, + K”,,)
[¢]
&+ T, ¢ =0«
&+ Ty, 3" = K?,, #t'i".

Particle motion # geodesic. Gravity acts as a (universal) force.

Ludovic DucoBu




Field equations in teleparallel gravity

See [Bahamonde et al., 2021] for a review.
Action of the form S = S,[0¥, w%] + S,,[0'“, ¥].
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Field equations in teleparallel gravity
See [Bahamonde et al., 2021] for a review.

Action of the form S = S,[0, w%] + S,.[0'¥, 1]
Variation

35, = = | (Ba et ¥, duf ) 0 d'o

5S., :/ <@au 5, + U (k) (WJ(K)) 0 d*x
1%

Ludovic DucoBu



Field equations in teleparallel gravity

See [Bahamonde et al., 2021] for a review. [Note : ~ <+ on-shell equality]
Action of the form S = S,[0¥, w%] + S,,[0'Y, ¥].
Variation

58, = — /v (B e, + Y, dufl,) 0 d'a

5, = / (€4 86, + Wiy 60U 0 d'a
%
Field equations for the tetrad
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Field equations in teleparallel gravity

See [Bahamonde et al., 2021] for a review. [Note : ~ <+ on-shell equality]
Action of the form S = S,[0¥, w%] + S,,[0'Y, ¥].
Variation

58, = — /v (B e, + Y, dufl,) 0 d'a

5, = / (0 86, + Wiy 6049 0 d'a
%
Field equations for the tetrad

Field equations for the connection

Wiy = 0.

Field equations for matter fields
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Field equations in teleparallel gravity

Local Lorentz invariance

+ Diffeomorphism invariance
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Field equations in teleparallel gravity

Local Lorentz invariance <+ action built from tensorial quantities

Wi = Eju)
Oy = 0.

= The field equations for the connection become redundant with the
antisymmetric part of the tetrad equations.

+ Diffeomorphism invariance
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Field equations in teleparallel gravity

Local Lorentz invariance <+ action built from tensorial quantities

Wi = Eju)
Oy = 0.

= The field equations for the connection become redundant with the
antisymmetric part of the tetrad equations.

+ Diffeomorphism invariance <> invariance under coordinate changes

V,EW) =,
%,,E[’“’] — E[pl/]pru7
%u(%“” ~ 0.
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