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In the UK (at least)
we only just
entered a new
carolian era.




Carroll

Galilei



“Through the looking-glass”™
or

“Through a glass darkly”?
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Naive duality



Naive Carroll/Galilei duality

0<4c ~— 0

Carroll . Lorentz > Galilei

(superficially reminiscent of
C < duality Kramers-Wannier duality)
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Geometric duality



Galilean geometry (Weyl 1919

[Klinzle 1972
(N, 7,7)

7€ Q'(N) nowhere-vanishing clock one-form
v € '(®*TN) corank-1, positive-semidefinite spatial cometric ~ ~(r, —) = 0

dr = 0 torsionless

Generally of 3 kinds: _ _
dr #0,dtr A7 =0 twistless-torsional

dr N7 # 0 torsional

[Christensen+Hartong+Obers+Rollier 2013]



Carrollian geometry Henneatx 1979

[Duval+Gibbons+Horvathy+Zhang 2014

(N, K, h)

ke X (N) nowhere-vanishing carrollian vector field

he(®°T*N)  corank-1, positive-semidefinite spatial metric  h(x, —) = 0

Z.h =20 totally geodesic
Now 4 Kinds: L.h = fh totally umbilic
tr(Z.h) =0 minimal

none of the above generic rJMF 2020]



Geometric Carroll/Galilei duality

A galilean structure is a section of T*N & ®°TN

> vector bundle duality
A carrollian structure is a section of TN @ @&*T*N
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Categorical duality



Bargmann geometry

M
(M, g,¢) (M, g) lorentzian manifold

Ee (M) nowhere-vanishing null vector field

Assume that
5 is Killing (7' :¢g = () and

it integrates to an action of I which is free and proper

Then x:M — M/T'=:N isa principal-l bundle



- [Duval+Burdet+Kunzle+Perrin 19835
NU" redUCthn [Julia+Nicolai 1995
M
(M7g7€) gb:g(f’—)_’/(*’/ TEQl(N)
N g (", B) =7 (v(a, ) v € T(O°TN)

(N, 7, y) is a galilean manifold



Null hypersurfaces

(M, g,¢)

£ defines a distribution £+ C TM

If dcfb A fb = () so that 5l is integrable, M is foliated by null hypersurfaces

i : N — M admitting a carrollian structure given by ¢ and /1 = i*g



Categorical Carroll/Galilei duality

embedding fibration
Carroll > Bargmann > Galilei
mono epil
subobject quotient

In category theory, monos/epis and subobject/quotient are dual under

C — €°F
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Geometric duality revisited



Local frames

M an n-dimensional manifold

{Ua} an open cover with 77U, = U, X R"
(e(“) e(“)) a local frame on U
s e €y .

On nonempty U, N U,

egﬁ) (a) (gaﬁ)

for some g5 : U, N Uy — GL(n, |



G-structures

Let G C GL(n,R). A G-structure on an n-dimensional manifold M is a

principal G-subbundle of the frame bundle.

In other words, as in the previous slide, but the transition functions

gaﬁtUaﬂUg%G

Galilean and carrollian structures are examples of (G-structures.



Carroll and Galilei G-structures

The Galilei (G-structure has

1
ua={(1 W)perr. acom ) camm

The Carroll (G-structure has

1 vT n—1
o= (2 Db eracon ) camm

G, = G, abstractly, but they are not conjugate in GL(7, R)



T
Indeed, G5 = (Ggal) and two such subgroups of GL(7, [R) are conjugate

only if they are abelian, since conjugation preserves but transposition reverses

the order of multiplication.

Carroll/Galilei duality manifests itself via transposition

transpose

/\
Gcar Ggal

O )

GL(n, R)
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Lie algebraic duality




Which Lie groups admit a bi-invariant
galilean/carrollian structure?




Lie groups with bi-invariant metrics

Let (& be a connected Lie group and ¢ a bi-invariant metric. The metric restricts

at the identity to an inner product (—, —) on the Lie algebra q which is ad-
Invariant:

(X.Y],Z) = (X,[V,Z]) VX.,Y,Z¢cg

Such Lie algebras are called metric Lie algebras and they can be characterised
as the class of Lie algebras generated by the simple and the one-dimensional
Lie algebras under the operations of orthogonal direct sum and double
extension.



One-dimensional double extension

Let (g, (—, —)) be a metric Lie algebra and let DD be a skew-symmetric
derivation:

D[X,Y] = [DX,Y]+ [X, DY]
(DX,Y)=—(X,DY) VX,Y €g

This defines a central extension @ = g @ [RZ with brackets

X +aZY +B2Z); =[X,Y],+ (DX,Y) Z



And also a double extension ZA; = q P RZ D RD with brackets

X +aZY + B2 =[X,Y], + (DX,Y) Z

D, X]=DX

The double extension has an invariant inner product given by

(X,Y): = (X,Y), (D, Z); =1

making ZA; into a metric Lie algebra of signature (p + 1,g + 1) where g has
signature (p, g)



Galilean Lie algebras

Let us say that a Lie algebra q is galilean if its corresponding simply-
connected Lie group admits a bi-invariant galilean structure.

Equivalently, g admits ad-invariant 7 € g™ (assumed nonzero) and y & O% qd,

with ¥ of corank-1 whose radical is spanned by 7. In particular, 7 annihilates
brackets:

7(|X,Y]) =0 VX,Y €g

Let g, = kerz. Itis an ideal of g and hence we have a short exact sequence

0 > g0 » g —— R > 0




The sequence splits. Choose any DD € g with 7(D) # 0. It follows that y
iInduces an inner product y, on gg’; and hence Its inverse gives an inner product

on ¢, which is invariant under the action of g. This says that g is a metric Lie
algebra and | D, — | is a skew-symmetric derivation.

This is the same data which defines a one-dimensional double extension g and
we have the following short exact sequence

0 > RZ >§ > > 0

In other words, the one-dimensional double extension of g, is a central
extension of the galilean Lie algebra g.



Carrollian Lie algebras

Let us say that a Lie algebra q is carrollian if its corresponding simply-
connected Lie group admits a bi-invariant carrollian structure.

Equivalently, g admits a nonzero central element Z & g and a symmetric
bilinear form /1 € O q*, with /1 of corank-1 whose radical is spanned by Z.

Let g, := g/[RZ on which /2 induces an inner product, so that it is a metric
Lie algebra. We have a short exact sequence of Lie algebras

0 > RZ > > 00 > ()

showing that g is a one-dimensional central extension of g,



A central extension of a metric Lie algebra ¢, defines a skew-symmetric
derivation D of g, by

X,Y]=[X,Y]o+ (DX,Y)Z

So a carrollian Lie algebra is determined by a metric Lie algebra and a skew-
symmetric derivation, which again is the data defining a one-dimensional double

extension . In fact we now get a short exact sequence

0 . . g s RD s ()

In other words, the one-dimensional double extension of g, is an “extension by
a skew-symmetric derivation” of the carrollian Lie algebra q.



Summary

The data consisting of a metric Lie algebra ¢, and a skew-symmetric derivation
D allows us to construct three Lie algebras:

» a metric (Bargmann) Lie algebra g,/

- agalilean Lie algebra g45|, which is a quotient of gj, 5,

» a carrollian Lie algebra g5, which is an ideal of gp 4,



This is summarised by the following commutative diagram

0 0

h h

RZ RZ

0 > Ocar > Obar > RD > ()

hd hd

0 > 90 > Qoal > RD > 0

h h

0 0

We say that g5 and g4 are dual, and the same holds for their
simply-connected Lie groups.
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A glitch?



Spatially isotropic homogeneous spacetimes

AdSC AdS
>

LC /\QC/M

C«

B ]orentzian

e galilean

carrollian

AdSG = AdSG
AdSG

dSG

dSG, = AdSG..
dSG dSGyeci—1,1

Why this (seeming) asymmetry between galilean and carrollian spacetimes?
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Algebraic duality
(Sanity restored?)



The Bargmann algebra ‘Bargmann 1054]

The Bargmann algebra is the universal central extension of the Galilei algebra.

Let g denote the Galilei algebra with basis (Lab, bB,.,P,, H ) and nonzero brackets

Lap, Led| = OpeLad — 0acLva — dpaLac + 0ad L
Loy, Be] = 0pe By — 0By
Loy, Pe| = 0pe Py — 00 Py
B.,H] =P,

The Bargmann central extension q has an additional generator A/ with

[Ba,v Pb] — 5abM



This can be summarised as an exact sequence of Lie algebras

which shows that @ IS Indeed a one-dimensional (central) extension of g

It turns out that the Bargmann algebra also admits a carrollian description.



A carrollian description of the Bargmann algebra

Let ¢ denote the Carroll algebra spanned by (Lab, b,P, ,H ) with nonzero
brackets |
Lap, Lea) = 0veLad — 0acLba — OvdLac + dadLic
Lap, Be] = 0pcBa — 0acBp
Lap, Pe] = 0Py — 0ac P
B, Py| = 0 H

Let © : ¢ — ¢ be the derivation defined by

§(Lay) = 6(Pa) = 6(H) =0  §(B,) = —P,



Let ¢ = ¢ @ RD denote the extension of ¢ by the derivation § = [D, — | with

additional bracket
B.,,D| =P,

This Lie algebra is an extension of the one-dimensional Lie algebra [R D by

the Carroll algebra ¢

0 > ¢ - s RD s 0

\

Funfact: ¢ >~ g ¢tlL, B, P, D H
gl Ly B, P, H M




An algebraic Carroll/Galilei duality

0 > R g > g > 0

> reversing arrows

and ¢ <> ¢

Something similar occurs with the torsional galilean spacetimes, whose

transitive Lie algebras admit a carrollian description.



How does this help?



Null reduction to the rescue

The Bargmann algebra is the subalgebra of the Poincaré algebra (in one dimension

higher) which centralises a null translation.

And Galilel spacetime is the null reduction of Minkowski spacetime along that null

translation.

Question: Can we do the same with the torsional galilean spacetimes?

Answer: YeS! (with some small print)



Spatially isotropic homogeneous galilean spacetimes

Let g, 4 be the Lie algebra spanned by (Lab, B,.,P, ,H ) with nonzero brackets

Lap, Led| = O0peLad — 0acLva — dpaLac + 0ad L
Lap, Be] = 0pe By — 04 By
Loy, Pe| = 0pcPo — dac Py
B.,H] =P,
H, P, = aB, + 8P,

The spatially isotropic homogeneous galilean spacetime ./ a.p IS described

by the Klein pair (ga,ﬁ, I)) where [ is the subalgebra spanned by (Lab, Ba).



Let @a,ﬁ = g, © RM denote the one-dimensional extension with additional
brackets

[Ba,apb] :5abM [HvM] :BM

@ o Is a deformation of the centrally extended static kinematical Lie algebra.

The extension is central if and only if / = 0. If that is the case, we can rescale o

to be one of {0, * 1}, corresponding to the Bargmann and the centrally
extended Newton—Hooke algebras.

@a,ﬁ appear as the Lie algebra of conserved charges associated to free particle

motion on %a,ﬂ, In the same way that the Bargmann algebra is the Lie algebra of
conserved charges associated to free particle motion on Galilei spacetime.



\

The homogeneous space /,%\aﬁ with Klein pair (@aﬁ, I)) where /f\) ~ ) is the

subalgebra spanned by (Lab, Ba) is lorentzian and the Killing vector field
corresponding to M is null, and the corresponding null reduction is the

homogeneous spacetime ./ , ;.

he induced galilean structure is only homothetic to the invariant one.

Null geodesics in these lorentzian manifolds describe the Eisenhart lifts of
geodesic motion on ./ «; elative to the canonical invariant connection.



Carrollian description of g, ,

As In the case of the Bargmann algebra, @ o.p is an extension of the Carroll

algebra by a derivation 0 = |, — | defined by
O(Lap) =0 0(B,) = —PF, o(P,) = aB, + 8P, 0(H) = BH

sO that

0 > ¢ > Ga. > RD > 0



Algebraic Carroll/Galilei duality

> reversing arrows

and ¢ <« ga,ﬁ

Always the Carroll algebra, but the derivation changes.



Does this mean that all
homogeneous galilean
spacetimes are dual to the
Carroll spacetime?




Symmetries

All galilean spacetimes are locally isomorphic and their symmetry algebras are
isomorphic to the Coriolis algebra:

0 > C°(R,iso(n — 1)) > Coriolis > R > ()

whereas the symmetry algebra of the Carroll spacetime is

0 » C°(En—1) > Carroll > iso(n — 1) > 0



Conclusions and questions



Conclusions and open questions

* | hope to have convinced you that the Carroll/Galilei duality is present at a
kinematical level

 Two open questions:
 What is the galilean dual of the lightcone?

 |s there a dynamical manifestation of this duality?



